CALABI-YAU GEOMETRY, PRIMITIVE FORM AND MIRROR SYMMETRY
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ABSTRACT. This note comes out of the author’s lecture presented at the work-
shop Primitive forms and related subjects, Feb 10-14 2014.
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1. INTRODUCTION

Primitive forms are introduced by K.Saito [40,/41] around early 1980’s as a
generalization of the elliptic period integral theory associated to an isolated sin-
gularity. It leads to systematic examples of Frobenius manifold structure on the
universal unfoldings of isolated singularities, characterizing the mathematical
structure of topological Landau-Ginzburg B-model. Motivated by mirror sym-
metry, there is a vast interest in understanding the structure of primitive forms
nowadays.

One of the recent development is the mathematical theory of Landau-Ginzburg
A-models constructed by Fan, Jarvis and Ruan [17], popularized as the FJRW
theory (see also [8,39] for several purely algebraic constructions of Landau-
Ginzburg A-model and their relationships with FJRW theory). With the huge
success toward understanding the mirror symmetry between Calabi-Yau man-
ifolds and Calabi-Yau/Landau-Ginzburg correspondence, it is desirable to see
whether mirror symmetry between Landau-Ginzburg models hold directly. A
first step toward establishing such Landau-Ginzburg mirror symmetry is to un-
derstanding the relation between FJRW theory in the A-model and Saito’s prim-
itive form in the B-model. The purpose of this lecture is to present some recent
progress in this direction related to the author’s works [13,23,28,29].

There are two goals in this lecture. The firstis to give a unified presentation for
both Calabi-Yau and Landau-Ginzburg B-models via the geometry of polyvec-
tor fields. On compact Calabi-Yau manifolds, Barannikov and Kontsevich [5]
construct a large class of Frobenius manifold structures on their extended mod-
uli spaces of complex structures, which is closely related to the Kodaira-Spencer
gauge theory for polyvector fields introduced in [7]. With deformation theory,
Barannikov developed the generalized period map via variation of semi-infintie
Hodge structures [3] to describe the mirror of Gromov-Witten invariants. The
prototype of semi-finite Hodge structures and generalized period maps can be
traced back to Landau-Gzinburg models as Saito’s higher residue theory and
primitive forms [40,/41]]. The first part of the lecture is to explain how the geom-
etry of polyvector fields in Calabi-Yau geometry is related to Landau-Ginzburg
models [28].
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The second part is to present the recent development of perburbative method
for primitive forms [28,129] and mirror symmetry [23]. For weighted homoge-
nous cases, explicit expressions of primitive forms are only known for ADE and
simple elliptic singularities. This becomes one of the main obstacles to test mir-
ror symmetry between Landau-Ginzburg models. However, WDVV equation is
a powerful integrable equation, which usually reduces the computation of gen-
erating functions to a finite few orders. A recursive algorithm is developed in
[28,129] which allows us to compute any primitive forms up to arbitrary finite
order. This solves the computation difficulty in Landau-Ginzburg B-model. As
an application, a version of Landau-Ginzburg mirror symmetry conjecture for a
large class of singularities is established [23}29].

Acknowledgement: The author would like to thank the organizers and partic-
ipants of the workshop on Primitive forms and related subjects, and the hospi-
tality of the Kavli IPMU at University of Tokyo.

2. CALABI-YAU GEOMETRY

2.1. Polyvector fields. Let X be a compact Calabi-Yau manifold of dimension d
with holomorphic volume form Qx.Let

PV(X)= P PVY(X), PVY(X)=A"(X,NTx)

0<i,j<d

be the space of polyvector fields on X. Here Tx is the holomorphic tangent
bundle, and A%/ (X, AiTx) is the space of smooth (0, j)-forms valued in A'Ty.
PV(X) is a differential bi-graded commutative algebra: the differential is

0:PV"(X) — PV/TL(X),

and the algebra structure arises from wedge product. Our degree convention is
that elements of PV'/(X) are of degree j — i. The graded-commutativity says

aB = (—1)Pl gy

where |«|, | 3| denote the degree of «, 3 respectively. Qx induces an identifica-
tion between the space of polyvector fields and differential forms

.. 2Qx deii
PVi(X) & Adhi(X)
a — aaQx

where _ is the contraction, and A"/ (X) denotes smooth differential forms of type
(i, 7). The holomorphic de Rham differential d on forms defines an operator on
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PV (X) via the above isomorphism, which we still denote by
0: PV (X) — PV VI(X)
ie.
(0a)uQx = d(auQx), a € PV(X).

The definition of d doesn’t depend on the choice of Qx on compact Calabi-Yau
manifolds. It induces a bracket on polyvector fields (Tian-Todorov lemma)

{o, B} = 9 (aB) = (90) B~ (~1) " (9P)
which coincides with the Schouten-Nijenhuis bracket (up to a sign).
We can integrate polyvector fields by the trace map Tr : PV(X) — C
Tr(a) := /X (xuQx) A Qx.
Let (—, —) be the induced pairing PV(X) ® PV(X) — C
x@p — () =Tr(ap).
It is easy to see that d is (graded) skew symmetric for this pairing and 9 is

(graded) symmetric.

2.2. Symplectic structure. Following Givental’s symplectic formalism, let us
add a formal variable z representing the “gravitational descendant” and intro-
duce the following spaces

S(X) :=PV(X)((2)), S+(X) =PV(X)[[z]], $-(X)=2z""PV(X)[z"].
There exists a natural symplectic pairing on S(X) given by
w(f(z)e, 8(2)B) = Resz= (f(2)g(—2)dz) Tr(ap).
It is direct to check that the differential
Q=0+2zd
is (graded) skew-symmetric with respect to the symplectic pairing w. Let us
denote by
H=H(5(X),Q), Hy=H(5+(X),Q)
w descends to define a pairing on the cohomology #, still denoted by
w:HRcH — C.

H .+ becomes an isotropic subspace. Let us define the isomorphism

Mo :PV(X)((2)) = A(X)((2)), Z'a— 2 a0y, acPV¥(X).
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It transfers Q to the de Rham differential
[aoQ=doT.
Under the isomorphism I'p, we have

Mo (S4+(X)) = [] 2 P FPAX),
pEZ

where FF A(X) = A=2P*(X). At the cohomology level we have isomorphisms
To:H = H*(X,C)((z))

and

fo:He 5 [[ 24P FPHY (X, C).
PEL

In particular, we see that the isotropic embedding S (X) C S(X) (or Hy C H)
plays the role of Hodge filtration.

The symplectic space (H, w) is basically Givental’s loop space formalism in
the B-model, where (S(X), w) can be viewed as the lifting to the chain level.
Givental has formulated the generating function of Gromov-Witten invariants
as the geometry of Lagrangian cones inside the symplectic space. The B-model
aspect is established via Barannikov’s generalized period map [2,3] using defor-
mation theory [5].

In fact, the Lagrangian cone construction can be lifted to the chain level in the
B-model, which gives rise to a gauge theory of polyvector fields on Calabi-Yau
manifolds. This is developed in [13], which we call BCOV theory, as a gener-
alization of the Kodaira-Spencer gravity theory on Calabi-Yau three-folds dis-
covered by [7]. It turns out that the tree level BCOV theory is equivalent to
Givental’s formalism and Barannikov’s generalized period map at the cohomol-
ogy level [33], which we now describe.

2.3. BCOV theory. Define a formal graded submanifold Lx of S(X) based at 0
Lx ={z—ze"*|uec S, (X)}.

By “formal” we mean it is defined via its functor of points. More precisely,
this is a functor from nilpotent Artinian graded algebras R (with maximal ideal
m C R) to sets. If R is an Artinian graded algebra, then the R-points of S(X) is
the set of degree 0 elements of S(X) @ m. We define Lx(R) to be the set of those
a € S(X) ® m which are of degree 0, and which can be expressed (necessarily in
a unique way) in the form

0=z — zet?
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for some p € S;(X) @ m. This expression makes sense because the maximal
ideal m C R is nilpotent.

The fundamental property of Lx is that it is a formal lagrangian submanifold
of S(X) which is preserved by the differential Q [13]]. If we formally identify

S(X) = T*(5+ (X))
via the natural splitting
S(X) = S+(X) @ S (X),
then there exists a formal functional I®¢®V on S, (X) such that
Lx = Graph(dI3°Y).
We have the following explicit formula [13]
IBCOV (1) = Tr (™), ,

where
(=)o : Sym($+(X)) = PV(X)
is the map via intersection on M ,

n—23

k
<Zk1“1,... ,zkn“n>0:u1/\-~/\ﬂn/M wf'"ﬂ’ﬁn = (kl"'k
0,n n

)“1/\"‘/\/411-

IB€OV s called the BCOV interaction in [13], which also appears in a finite di-
mensional toy model in [36]. Note that if we “turn off” gravitational descendants
by setting z = 0 for the inputs, then 18OV is reduced to the cubic interaction of
Kodaira-Spencer gauge theory [7]. The geometric fact that Lx is preserved by
the differential Q is translated to a classical master equation for I BCOV " which
describes the infinitesimal gauge transformation in the BV formalism [13].

2.4. Generating function. The genus g generating function of B-model invari-
ants could be obtained via g-loop Feynman diagrams with vertices being [5¢CV.
For ¢ > 0, this requires suitable renormalizations (see [13]). For g = 0, how-
ever, renormalization is not needed and we obtain the genus zero generating
function as a sum of tree diagrams in BCOV theory. This is basically equiva-
lent to a version of homological perturbation lemma, which amounts to go to

Q-cohomology.
The Q-fixed point of Lx can be described as follows. Observe that

Qlze’* —2) = (Qu+ 5 {1 1}
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The Q-fixed point of Lx are described by solutions of the Maurer-Cartan equation

1
Qu+5{m ut =0,

which can be viewed as an extended version of deforming a pair of complex
structure on X together with a holomorphic volume form [3].

Let Mx denote the formal moduli of gauge equivalent solutions

M= {we s, (01Qu+ 3 {hm) =0}/ ~,

which again is defined via its functor of points on nilpotent Artinian graded
algebras. It follows from Calabi-Yau geometry that the moduli Mx is smooth
[3/5]. In the same fashion, we can view it as a formal lagrangian submanifold

Mx — H, u—>z—ze“/2.

To obtain the generating function at the cohomology level, we need a choice of
splitting since S_(X) is not preserved by Q.

Let £ C H alinear isotropic subspace of H such that

1N H=H DL,
(2) L is preserved by the operator z71 : H — H.

The splitting £ allows us to identify
H*(X) = H+/ZH+ = H+ NzL,
hence
Ho(X) = H (X)[[2]], L£=z'H'(X)[z], H=H(X)((2)).
In particular, we can formally identify
H =T (H (X)[[2]])
from which we obtain a formal generating function Ff on H*(X)[[z]] such that

Mx = Graph(dF§).

We can make this construction explicitly. Let {¢} be a basis of H*(X), and
{9~} be a dual basis of H*(X) such that

[ bandf et
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Let s be a coordinate on M x and p(s) a universal solution of the Maurer-Cantan
equation. We can always expand in H

zet8)/7 = 7 4 Y Y () pa(—1) 2+ Y Y prals)daz L

>0 « k>0 o

{1} can be viewed as the linear coordinates on H*(X)][z]]. The transformation

s = {7 (s)}

is invertible, which leads to different choice of the coordinates {77} on Mx. In
terms of {77}, we find

_ JFj(7)
Pha = oT¥

If we set

then the expansion

eH(s(T T =0,-))/z — 1 4 Z T@‘(/Jaz_l + O(Z_z)

plays the role of Givental’s J-function, or Barannikov’s generalized period map.
In particular, {1} gives the flat coordinates of the underlying Frobenius mani-
fold structure. As we will see, this is the analogue of K.Saito’s primitive period
map [40] in Landau-Ginzburg models.

The generating function F§ depends on the choice of £. In contrast to the
A-model, there is a prior no canonical choice of the splitting £. In fact, the free-
dom of the splitting is exactly responsible for the famous holomorphic anomaly
equation [7] when L is the complex conjugate splitting. See also [11}[13]. Around
the large complex limit, there exists monodromy splitting from which F§ gives
the mirror of Gromov-Witten invariants [2,/19,34].

2.5. Feynman diagrams. F5 and the BCOV interaction [5<O" are related by
tree-level Feynman diagrams. In the absence of gravitational descendants, this is
observed in [7], leading to the string field theory of B-twisted topological string
by Kodaira-Spencer gauge theory. It is further illustrated in [5] as a homologi-
cal perturbation related to the deformation theory on Calabi-Yau manifolds. We
give a brief discussion here and refer to [33] for details.

For simplicity, we take £ to be the complex conjugate splitting and write the
generating function as F. This splitting is related to the Harmonic theory as
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follows. Let g be a chosen Kahler metric on X. Let 0* be the adjoint of 0 on
PV(X), and
A = 00" +0"0
be the Laplacian. Let
h, e PV(X)®PV(X), u>0
be the kernel of the heat operator e~*2. Formally,

e "Aa)(x) = Tr(hu(x, v) Aa(y)), Va e PV(X),

where x, y represents two copies of coordinate on X, and the trace map is the
integration over y with respect to the Calabi-Yau volume form as before. We
define the BCOV propagator by the kernel

p= / (0" ® 1)hydu,
0
which represents the operator
.
d BK.

Here 1 is Green’s operator for the Laplacian A. Formally, P is the gauge fixed
expression of 2, which is the inverse of the free part of the Kodaira-Spencer
gauge action [7]]. Let

H = {u € PV(X)|Ap = 0}

be the harmonic elements. Since 0H = dH = 0, Hodge theory implies a natural
isomorphism

H+=H[[z]l, H=H((2)),

which can be identified with the complex conjugate splitting [13].

Definition 2.1. The genus zero partition function FEC©V of BCOV theory is the
formal function on H{[z]] defined by

WF (P, IBCOV)

BCOV __
B = L ]

I Tree

IBCOV a5 the vertices and

Wr (P, IBCOV) is the Feynman diagram integrals with
P as the propagator. Aut(T) is the size of the automorphism group as graphs.
The summation is over all connected tree diagrams with external edges where

we put harmonic polyvector fields H][z]].
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We can also view F¥ as a function on H[[z]]. Then F{ has the following per-
turbative tree diagram expansion

X __ pBCOV
FX = F5COV.

This formula says that F arising from the deformation theory of Calabi-Yau
manifolds can be identified with the tree-level amplitude of a gauge theory
(BCOV theory). The importance of this observation is that it allows us to gen-
eralize to construct the higher genus generating function via higher loop Feyn-
man diagrams, though suitable renormalization of the ultraviolet divergence is
required. This is the point of view fully developed in [13].

3. LANDAU-GINZBURG MODEL

Now we move on to the Landau-Ginzburg B-model. We will focus on an
isolated singularity defined by a weighted homogeneous polynomial

f:X=C"=C, f(ATxq,---,AT'x,) = Af(x1,---,xn).
g; are called the weights of x;, and the central charge of f is defined by

o = Y1 2).

1

Associated to f, K.Saito has introduced the concept of a primitive form [40],
which induces a Frobenius manifold structure (originally called a flat structure)
on the local universal deformation space of f. The generalization to arbitrary
isolated singularities is later fully established by M. Saito [43]. See also [4} 14,15,
45] for a certain class of Laurent polynomials. This gives rise to the genus zero
correlation functions in the Landau-Ginzburg B-model. For string theoretical
point of view, we refer to [35].

In the rest of this section, we will give a brief review of primitive forms. Our
presentation will base on the work [28], which exhibits a unified geometry of
two models. We will also describe the perburbative formula of primitive forms
[28] which is fully developed in [29] for applications to mirror symmetry be-
tween Landau-Ginzburg models.

3.1. Residue revisited. We would like to extend the discussion on Calabi-Yau
manifolds to Landau-Ginzburg models on the pair (X = C", f). Let us fix the
holomorphic volume form

Q=dxiN---Ndxy,
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for convenience. Different choice of () will lead to essentially equivalent re-
sults in the following discussions. In the Landau-Ginzburg model, we have the
twisted operator

df :==0+{f,—}: PV(X) = PV(X).
Its cohomology is given by
H*(PV(X),df) = H(PV(X), df) = Jacy(f),

where Jacy(f) = C{x;}/{9if} is the Milnor ring of the isolated singularity. Let
QI§<,0 be the germ of holomorphic k-forms at 0. Let us define

Qp := Q% o/df N QY
With our choice of (), we can identify
Jaco(f) = Qy, (@] = [¢Q)].
There exists a classical residue pairing defined on Q :
nf:QreQf — C.

Our first task is to understand the residue pairing 15 in terms of trace map on
PV(X). This is done in [28] as follows. Since X is noncompact, the naive trace
map via integration doesn’t work. Let

PV.(X) C PV(X)

be the subspace of compactly supported polyvector fields. The trace map is
defined on PV.(X)

Tr(u) = /X(uJQ) AQ, uePV(X).
As in the Calabi-Yau case, Tr descends to cohomologies
Tr: H*(PV.(X),ds) — C.
The key observation is that the embedding of complexes
(PVe(X),05) <= (PV(X), ds)

is in fact a quasi-isomorphism, inducing a canonical isomorphism

H*(PV(X),0f) ~ H*(PV(X), f).
It follows that we have a induced trace map

Tr : Jacy(f) — C.
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It is proved in [28] that given [«], [B] € Jacy(f),
nf([«Q], [BQ]) = Tr([«B]).

To get a feeling on how this works, let us look at the simplest example when
X = C is one-dimensional. Let p be a cut-off function, which is 1 around the
isolated singularity 0 and vanishes outside a big ball. Let us define maps

T,: PV(X) = PV.(X), p— pu+ (50)7 A«
and
R, :PV(X) — PV(X), —(1- )7
Note that both T, and R, are well-defined since dp and (1 — p) vanishes around
the critical point of f. It is straightforward to check that

Spr —+ RpE_)f =1-— Tp.

This in fact proves the quasi-isomorphic embedding PV (X) — PV(X) with
an explicit homotopic inverse. Let ¢ be a holomorphic function representing an
element [g] € Jacy(f). Via the above explicit homotopy, we have

gdx gdx gdx

Te(lg)) = [ (Tolg) ) nax = [ 36557 = § 55 )

In higher dimensions, the proof is similar though via a more complicated homo-

= Res (

topy. We refer to [28] for details.

We remark that PV.(X) can be replaced by L? space, where Hodge theory
and L?-cohomology could be developed. The construction first appeared in [24],
which is also fully developed recently in [16]].

3.2. Higher residues. The advantage of revisiting residue via polyvector fields
is that it allows us to generalize easily to higher residues discovered in [41]. The
construction is parallel to Calabi-Yau models. Let us introduce a descendant
variable z and consider the extended complex

(PV(X)[[z]], Qf = 9f + 20).
The cohomology is given by
H*(PV(X)[[2]], Q) = C{xi}[[2]]/(9xf + 25— )C{xz} [[2]]-
Under (), this can be identified with the (formally completed) Brieskorn lattice
HY = O o [[2]]/(df + 2d) Qg [[2]
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Note that
_ 24(0) (0)

There is a natural Q-grading on ’HJ((O) defined by assigning the degrees

deg(x;) =q;, deg(dx;) =gq;, deg(z)=1.

For a homogeneous element of the form ¢ = z* g(x;)dxy A -+ Ndxy,, we define
deg(p) = deg(g) +k+) 4i.
i
In [41], K. Saito constructed the higher residue pairing

K HY @ 1Y — 2'C[[2]]

which satisfies the following properties
(1) Ky is equivariant with respect to the Q-grading, i.e.,

deg(Ky (e, B)) = deg(a) + deg(B)
for homogeneous elements «, 3 € HJ((O) .
(2) Ke(er, B) = (—1)"K¢(, ), where the — operator takes z — —z.
(3) Ky(v(z)a, B) = Ky(er,v(~2)B) = v(2)Ky(ex, B) for v(z) € C[[z]}.
(4) The leading z-order of Ky defines a pairing
HO )1 @ 1Y J2HY — €, awp lim 2" Ky (ct, B)
which coincides with the usual residue pairing

nf:Qf®Qf—>C.

The last property implies that Ky defines a semi-infinite extension of the residue
pairing, which explains the name “higher residue”. An alternate way to under-
stand the higher residue pairing is through the trace map in the spirit of our
construction for residue. The natural embedding

(PVe(X)[[2]], Qf) = (PV(X)[[2]], Qy)
is again a quasi-isomorphism. Let us define a pairing
Ky : PVe(X)[[z] x PVe(X)[[2]] = 2"C[[2]], Ky (8(2)e, h(z)B) = "g(2)h(—2) Tr(xB).

It is easy to see that K descends to H*(PV,(X)[[z]], Q) which is canonically iso-
morphic to H*(PV(X)[[z]], Qf). Under the identification of H*(PV(X)[[z]], Qf)

with ’H]((O) , we obtain a pairing

R HY o HY — 2"C[[2]).
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It is proved in [28]] that Kf is precisely the higher residue pairing
sz = Kf.

3.3. Universal unfolding. In the Calabi-Yau case, the (extended) moduli space

of complex structures is controlled by the differential graded Lie algebra (PV(X), 9, {, }).
In the Landau-Ginzburg case, this is twisted to be (PV(X), df, {, }). The univer-

sal solutions of the associated Maurer-Cartan equation is greatly simplified, and

can be represented as a deformation of f(x) via the universal unfolding;:

F:C"xCt—=C, F=f(x)+ i s%Pa(x),

a=1
where p = dimc Jac(f), and {¢p«(x)} is a basis of Jacy(f).

In our case f being weighted homogenous, we can further assume that ¢, are
all weighted homogeneous with increasing degrees

0 = deg(1) < deg(¢2) < --- < deg(¢) = &7, where deg(x;) = g.

The Brieskorn lattice and the higher residue pairing can be extended to the fam-
ily case on the germ M = (CH,0) associated to the unfolding F. We have

HY = 0% iyl (@F +2d) Q%L o l12]]

where Q% M s the sheaf of relative holomorphic differential forms. It can
be viewed as a free sheaf of rank pon M x A, where A is the formal disk with
parameter z. ”HI(CO) is equipped with a flat Gauss-Manin connection on M x A,

denoted by V“M. The higher residue pairing extends to

Kr: HY @0, HY = 2O pm[[2]]

satisfying the following properties [41]]

(1) Ke(s1,s2) = (—1)"Kg(s2,51), where — is the operator z — —z.

(2) Kr(g(z)s1,52) = Kp(s1,8(—z)s2) = g(z)Kg(s1,s2) for any g € O[[2]]-
(3) avKF(Sl,Sz> = KP(Vngl,Sz) + KF(Sl,VgMSZ) for any Ve T./\/l-

(4) z0:Kr(s1,52) = Kp(ViMsq, 52) 4+ Kr(s1, fofsﬁ.

(5) The induced pairing
HY )2 1Y) @0, HY [2HY) — Oy
coincides with the classical residue pairing.

In a similar fashion, Kr can be constructed via fiberwise cut-off function [28].
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3.4. Good basis and Generating function. Let us extend the higher residue
pairing to
Ke: Hp@Hp — C((2)).
This defines a symplectic pairing w; on H ¢ by
wy(e, B) := Res,—0 z” "K¢(a, B)dz,

with ’Hj(fo) being an isotropic subspace. At this page, we are in completely ana-
logue situation as in Calabi-Yau models. The next step is to use deformation
theory to describe a lagrangian cone inside H s from which we obtain the gener-
ating function as the genus zero invariants in Landau-Ginzburg B-model.

The first thing we need is a splitting £

Hp=H oL

such that:

(1) £ preserves the Q-grading;
(2) L is an isotropic subspace;
3)z': L L

Here for f being weighted homogeneous, (1) is equivalent to the conventional
condition that VZGa]:I preserves L. The choice of L is essentially equivalent to the
notion of a good section [40]. Let

(0)
i NzL.

We can represent a basis of B by homogeneous polynomials {¢4}!_; such that

B = Span{[¢.Q]}.

{¢«} can be viewed as a “good” representative of Jac,(f), defining a lifting

B=H

)and £ implies that the higher residue paring

The isotropic property of HJ((O
K((B,B) € 2"C.
In fact, B C ’Hj(fo) implies that
K¢(B,B) C z"C|[[z]]
while B C z£ implies that

K¢(B,B) C Z"Clz1].
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This says that for such choice of representatives {4}, the higher residue pair-
ings vanish beyond the leading ordinary residue pairing. Such vanishing prop-
erty is the key property of so-called “good basis” [40].

Given a good basis B, we can identify
H =Bz, £=z"'B[z"Y, #s;=B((2)).

Now we follow the Calabi-Yau situation to describe the lagrangian cone. A
universal solution of the Maurer-Cantan equation

Qput 5 {im} =0, we PV(X)[[]

can be described by

= Z Zs,‘fd)“zk,

k>0 «

parametrized by s = {s{'}. {s{} parametrizes the universal unfolding, while s{
for k > 0 corresponds to descendant deformations.

Let ¢* € B be a dual basis of B such that
Ki([¢a02], [¢7Q]) = 2"65.
The lagrangian cone is then specified by
7 — zel/?
from which we can always expand

z[et)/2Q) = z[Q +ZZT1< +ZZPM )9 Q)] 7k1€%f[[”

k>0 « k>0 «

where [] refers to the class in Hs. {77} can be viewed as the linear coordinates
on B[[z]]. The transformation

s — {7 (s)}
defines a coordinate transformation. In terms of {77}, we find

JF§ (1)
oty

Pra =

7

where F§ is the generating function of genus zero invariants in Landau-Ginzburg
B-model with respect to the splitting £, or the good basis B.
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(0)

3.5. Primitive form and perturbation theory. A section { € H}’ is called a

primitive form if it satisfies the following conditions:

(1) (Primitivity) The section ¢ induces an O pj-module isomorphism
VM Ty = HY 21, Vs 2V ME
(2) (Orthogonality) For any local sections V1, V, of Ty,
Kr(ViME, ViME) € 220 um.
(3) (Holonomicity) For any local sections V1, V3, V3 of Ty,
Kp (VM 5,v M) e 2" PO @ 2" 200
KF(VZ oM, VM) € 2" B0 @ 2" 20 M.
(4) (Homogeneity) There is a constant » € C such that
(V3. +VR)c=r.
where E is the Euler vector field. In our case of weighted homogeneous
singularity, we have r = ¥; ¢'

It is proved in [40] that the space of primitive forms of f up to a constant
rescaling is isomorphic to the space of good basis. The generalization to arbi-
trary isolated singularities is established by M. Saito [43}/44].

Closed formula for primitive forms are known only for ADE singularities
(¢ < 1) and simple elliptic singularities (¢; = 1) [40]. In the following we
will describe a perturbative theory of primitive forms [28] from which we can
compute the primitive form recursively order by order.

Givental’s J-function is essentially the analogue of primitive form. Starting
from the formula for the lagrangian cone

z[e"®/20] = z[Q]+ Y Y 7f(s) 2K Y Y prals)[07Q)z KT € H[[s]).

k>0 « k>0 «

If we set

then we find the expansion
[t =0))/20] = [Q] + ZTO $aQ]z7 1 +0(z72).

It is shown in [28]] that the left hand side

et (s(5, 11 =0,))/2 )
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gives exactly the expression of primitive form with respect to the good basis
{¢«} under the trivialization map via Gauss-Manin connection

(F-f)/z
He " = Hpoc Clrd]).

This is translated into the following algorithm. Let s = {s*} parametrizes the
universal unfolding with respect to the good basis ¢,

F = f + Z S“(P‘X.
24
Let us represent the primitive ¢ as a power series

(=Y Co=Y Yt (i € Cllz]] @cClslk

k>0 k>0 «

where C|s]; is the space of homogenous polynomials in {s*} of degree k. Then
( is characterized by the equation [28]

(1) [ I%¢] € [Q] + 27" Blz ] [[s])-
This equation can be solved recursively in terms of the order k as follows.
Since e(F=f)/2 =1 mod (s), the leading order of (1) is
C(O) S [_Q] —i—ZilB[Zfl]
which is uniquely solved by () = Q. Suppose we have solved (t) up to order
N,i,e, ¢ =y, G(k) such that
[e< D] € Q]+ 2Bl S]] mod (V).
Let Ryt1 € B((z)) ®c Cls](n+1) be the (N + 1)-th order component of e(F_f)/tC(SN).
Let
Ry =R+ Rn+1
where RY;,; € B[[z]] ®c Cls](n+1), Ry;1 € 2 'Blz7!] @c C[s](y41)- Let R, €
Br[[z]] ®c Cl[s](n+1) correspond to Ry, under the manifest identification be-
tween B and Br. Then

Gy = Geny — R
gives the unique solution of (f) up to order N + 1. This algorithm allows us to
solve ¢ perturbatively to arbitrary order. Moreover, we can find the expansion

[ Ff/zC +ZT _1+Zpa d)ch _2+O( —3)
Then the coordinate transformation

s* — 1%(s)
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gives the flat coordinate 7 of the underlying Frobenius manifold structure. In
terms of 7%, we have

pels(r)) = 20l

where Fy(7) is the potential function satisfying the WDVV equation.

3.6. Examples of primitive forms. Let us illustrate how the perturbative for-
mula of primitive form works in some examples.

3.6.1. ADE singularity. Let f be a weighted homogenous polynomial of ADE
type. This is equivalent to ¢ < 1. There exists a unique choice of good basis,
and any representative of homogenous basis {¢«} of Jacy(f) are equivalent.
Their degrees are bounded by

deg(da) < ¢f < 1.

The fact that an arbitrary representative {¢4} being a good basis is a very
special property of ADE singularities and follows from a degree argument as
follows [40]. We need to show that

Kf((]b(XQ, (l)ﬁQ) S (CZ”, Ve, B.
In fact, since Ky preserves the grading, we have

deg(Ks(9aQd, ppQ)) = deg(¢a) + deg(da) +2deg(Q) = deg(du) + deg(Pa) +1—¢f.

It follows that
n < deg(Kf(d)qQ, (1)/3_0.)) <n-+ éf

Since 0 < ¢¢ < 1and deg(Kf($aQ, PpsQ)) is an integer, it follows that deg(K¢($paQ, ppQ)) =
n,i.e.,
Kf((f)“Q, d)ﬁQ) e Cz".

Let F be the universal unfolding
F = f + Z S(Xd)“.
24
We extend the weighted homogeneous degree to s%, z by

deg(s*) =1 —deg(dy), deg(z)=1

such that F is homogenous of degree 1. Equation (}) respects the degree. By the
fact that deg(s*) > 0 and simple degree counting, we find that

[e!F20] € [Q] + 27" B[z [[s"]],
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i.e. ¢ = Q is the primitive form. It is again a special property of ADE singularity
that the primitive form doesn’t depend on the deformation parameter.

3.6.2. Simple elliptic singularity. Simple elliptic singularities are characterized by

¢r = 1. We consider an example of type E él’l) with

1 5, 3, .3
f= g(xl + x5 +x3).
A monomial basis is given by
{¢1,..., 93} = {1, x1, x2, X3, X1X2, X2X3, X3X1, X1 X2X3 }.

Lemma 3.1. The above basis {¢;} is a good basis.

Proof. Similar to the ADE singularities, we have the degree estimate
3=n< deg(Kf(dJIQ, (]')]Q) <n-+ éf =4.

The only possibility that the above degree reaches 4 is when ¢; = ¢; = ¢s.
Therefore we only need to show that

Kf(d)SQr d)SQ) = 0.

This follows from the symmetry of the higher residue pairing

K (¢3Q, psQ) = (—1)°Ks(sQ, psQ) = —K7(¢sQ, sQ).

We consider the universal unfolding

7
P:f—'—O‘d)g—{— Z l/l(x(;bfx
a=1
where (ul, e, o) are the deformation parameters. There exists a one-parameter

choice of good basis for simple elliptic singularities. In this example, they are
B(c) = Spang{¢1,- -, 7, pg+cz}, ceC.
B(c) being a good basis follows immediately from the above lemma.
We extend the weighted homogenous degree as before. Then
deg(u®) >0, deg(o)=0.

We can use similar degree argument as the ADE case, with some extra care on
the degree zero parameter 0. The first observation is that as elements in H,

[®/2Q] = g(0)[Q] +2"h(0) [$sQ],
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where ¢(0) and h(o) are respectively given by
—1)'0% [Tj_4 (3] — 2)° (1) T4 (3] — 1)°

- ; (3r)! ’ - ; (Br+1)!

This can be computed explicitly by expanding e?#s/* and using the equivalence
relation in #Hy. g(0), h(0) are the fundamental solutions to

((1+0°)0% + 3079, + o) v(0o) =0,
which is the the Picard-Fuchs equation for the period integrals on the elliptic
curve inside P? defined by the cubic equation f + o¢pg = 0.
By a similar degree argument, we have
[eFN/ZQ) € [e"#/20) + 27 'B(c) [z
= (8(0) = ch(0))[Q] +z " h(0)[(¢s + ) Q] + 27 ' B(c) [z 7]
= (§(0) —ch(0))[Q] +z7"B(c)[z7"].
It follows that
e(Ff)/zg(cr)?ch(cr) €0 +2 1Bz ).
In particular, the primitive form associated to the good basis B(c) is given by

[40]
Q

g(o) —ch(o)’

In other words, the normalization is given by a period on the elliptic curve.

() =

Different choices of primitive forms correspond to the choices of the period.

3.6.3. Exceptional unimodular singularity. For singularities with ¢¢ > 1, there ex-
ists parameters of the deformation which have negative degree. The degree ar-
gument that we have used in ADE and simple elliptic singularity doesn’t work
well here since there would exist nontrivial mixing between positive degree and
negative degree parameters. This is the essential difficult to find the expression
of primitive forms in such situation. Nevertheless, we can use the perturbative
algorithm to find order expansion of the primitive form.

The first nontrivial examples beyond simple elliptic singularities are given by
Arnold’s exceptional unimodular singularities. There are in total 14 types, and
let us consider an example of type E12

f:x3+y7.
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The central charge is given by ¢f = 2 There is a unique good basis given by

{p1,--, 012} = {1y, v*, % v°, xy, v*, xv*, v°, xy°, xy, 2y},

This follows from a similar degree argument as ADE singularities and we leave
the details to the readers. See also Section 4.2

We represent the universal unfolding by

12
F:x3+y7+2uiqbi.
i=1
By direct calculations (with a computer), the primitive form ¢ up to order 10 is
given by [28]]
4 64 76 937 218072
(/Q=1+ ﬁ“llu%z - ﬁu%lu%z - W“lO”i + W”W?z + m”%”?z
1272169 , 28751 o 1212158 s 38380
R i T L T R N e
1 3 101 5 , 1588303 , ., 378083 g 108144
* (7242~ ggaunth + 55 gtk + g5 g ot — 3 g Hakia)
1447 , 71290 45434 1,
(33 76 Uip — 33.78 “11u12)y - W”uxy

53 46244 22054
B (32 : 7‘114?2 - 33, 771’”1”5152)3{2 + Wu?ng + O(u'?).

4. MIRROR SYMMETRY BETWEEN LANDAU-GINZBURG MODELS

4.1. Mirror singularities. The main application of the perturbative primitive
form is to mirror symmetry. The Calabi-Yau B-model around the large complex
limit is mirror to Gromov-Witten theory. For Landau-Ginzburg B-models that
we have discussed, they are expected to be mirror to FJRW theory [17]. The
computation tools that we have developed will enable us to approach this.

The Landau-Ginzburg mirror pairs originate from an old physical construc-
tion of Berglund-Hiibsch [6] that was completed by Krawitz [25]. Let

W:CN > C

be a weighted homogeneous polynomial with an isolated critical point at the
origin. We define its maximal group of diagonal symmetries to be

Gw = {(/\1,...,/\]\]) € (C*)N W(Al xl,...,ANxN) = W(xl,...,xN)}.

In the BHK mirror construction, the polynomial W is required to be invertible
[9,25], i.e., the number of variables must equal the number of monomials of
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W and it contains no monomial of the form x;x; for i # j. By rescaling the
variables, we can always write W as

171,‘]'

i

M=z

W = X

N
=1

1

]

Il
—_

We denote its exponent matrix by Ew = (aj;) ;- The mirror polynomial of W is
;NN
— Jt
wh= L 11"
i=1j=1
i.e., the exponent matrix Eyr of the mirror polynomial is the transpose of Ey.
All invertible polynomials have been classified by Kreuzer and Skarke.

Theorem 4.1 ([27], Theorem 1). A polynomial is invertible if and only if it is a disjoint
sum of the three following atomic types, where a > 2 and a; > 2:

e Fermat: x“.
e Chain: x7' 4+ x1x> 4+ - - - + xn_1X3).
e Loop: x7'xn + x1x52 + - - - 4+ xn_1 X3

The inverse matrix E,' plays an important role in the mirror map constructed
by Krawitz in [25]. Let us write

qun -+ 4qIN
Ew=1| + + i |

gN1 - (NN

and define

plV = (exp(27v'~1q1j), ..., exp(2mv/~1qn;)) ,
p}NT = (exp(2v/=1gqj1),...,exp(2mv/=1gjN)) -

N
=1

by {p}NT}?]: 1- Recall g; is the weight of x; in W. Let g/ be the weight of x; in WT.
We remark that

According to [25], the group Gy is generated by {p}’v and Gyr is generated

N

N
gi=Y q; and qf =Y gj.
=1 =1
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4.2. Good basis of invertible polynomials. To obtain the Frobenius manifold
structure on the deformation space of the singularity, we need to identify a good
basis. The abstract existence of such a good basis is proved in [40] for the quasi-
homogenous cases and in [43] for general isolated singularity. Moreover, such
a good basis is generally not unique. However, mirror symmetry favors for a
particular one as the mirror of FJRW theory, and we need explicit information
about the good basis to obtain the enumerative data. This involves the exact
computation of higher residue pairing which is usually hard to perform.

In case of ADE and simple elliptic singularities, the justification of good basis
follows from a simple degree counting argument (see Section 3.6). The effectiv-
ity of this method fails when the central charge of the polynomial gets large. The
way out is that we have to incorporate the full symmetry group G to improve
the degree counting argument. This is developed in [23] to find explicit good
basis for all invertible polynomials. We review this result here.

In the rest of this section, we will use f instead of W to adopt the conventional
notation in singularity theory.

Firstly, if f(x,y) = f1(x) + f2(y) is the disjoint sum of two polynomials fi, f>,
and {n;(x) }ie; and {@«(y) }aca are good basis for f; and f, respectively, then it
is easy to show that {n;(x)Pa(y)} (ia)c1x 4 is @ good basis of W. This reduces the
search of good basis for invertible polynomials to atomic types by Theorem
They are found in [23]] as follows.

Theorem 4.2 ([23]]). Let f be an invertible polynomial of atomic types. Then the fol-
lowing choice { ¢y} is a good basis of f.

o Let f = x" be a Fermat, then {¢pn} = {x" |0 <r <a—2}.
o Let f = x{' +x1x32 + - - - +xn_1xY be a chain, then

N
(60} - {H}

where v = (r1,---,rN) with r; < a; — 1 for all i and r is not of the form
(*/' o ,*,k,ﬂN,QI - 1/' t ,O,QN_Z - 1,0,51]\] - 1) with k 2 L.
o Let f = x{'an +x1x% + -+ - + xn_1x% be a loop, then

N
{qboc} = {I—Il x;i

iy

Ogri<az}.

We will call the above monomials the standard basis.
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The Fermat type f = x“ is of type A,_1-singularity, and we already know that
its standard basis is a good basis. We will focus on the remaining two cases.

Recall Gy is the diagonal symmetry group of f. Hj(fo) inherits the structure
of G¢-representation. Explicitly, let {p; = (¥l .. eZ”EQNi)}?]: , be the

generator of G, where E;l = (qij)NxN is the inverse of the exponent matrix Er.

Then the G¢-action on H}O) is generated by

,Df X — 6271\/?16/’73@', dxz- — ezﬂmqiidxi, zZ— Z.
Since Gy preserves f, it also preserves the higher residue pairing K. Therefore
we have a G¢-invariant pairing

Ky HY @ HY — 2'C[2]].

Let qu e x;’f and xgl e x;\ff be monomials in the standard basis for either the
chain or loop type. We need to show that

Kp(xp - - 2 dNx, xgll . -x;\/’[Vde) e ZNC.
Let
(mll"' /mN) = (7’1 +7‘{1,“' ’rN+r§\])'

The p{ -invariance of Ky implies the integral conditions

(mi+2)qij=k; €Z, forallj, if Kp(xj'---xydVx, xgll . x;\l?’de) # 0.

M=

1

Il
—_

(the extra 2 comes from two copies of dNx). This is equivalent to
(*) (kl,kz,"',kN)Ef:(m1+2,TYZ2+2,"',mN+2).

Remark 4.1. The integral conditions is mirror to the Integer Degree Axiom for
the degree of orbifold Line bundles in FJRW theory [23].

4.2.1. chain type. Let f = x{' + x1x52 + - - - + xy_1x3). The exponent matrix has
the form
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Equation (x) in this case becomes

my = ka1 +ky—2, my=kar+k3—2, ..., my_1=kn1an-1+kn—2, my=knan—2

where 0 < m; < 2a; — 2 and the k; are integers. Tracing all possible values of k;
starting from ky;, the only possibilities are

(1) (klllkN):(llllll)
(2) (kll"'/kN):(1/"'/1/0/21"'/0/2)-
(3) (kl/"'/kN):(1/"'/1/2/0/2/"'1012)'

In case (3), we have
(my,---,my)=(a1—1, -+ ,an 22— 1,ay 2-1,2any-2—2,---,0,2an-2—2,0,2ay —2).

This can not appear if both x{l e x;’}] and x;i e x;\}f are in the standard basis.
For cases (1) and (2), we check directly that

deg(x]" ---xN) = deg(xy' - - x)) + deg(x;,1 . xrl\,“,’) = ¢f.
Since Ky preserves the Q-grading, we have

deg Kp(x}' - - x;G’de,x;,l e x;\,?’de) = deg(x] - - xY) —kdeg(x;/1 . x;/’,v) +2) gi=N.
7

It follows that Ky ([x7' - - - x], [x;q . x;é’]f) lies in zNC.

4.2.2. loop type. Let f = x{'xn + x1x3? + - - - + xn_1x3). The exponent matrix is

1 an
With the convention k1 = ky.1, Equation (x) above implies
m; +2=kia; +kiy;, i=1,---,N.
Let h; = k; — 1 for each i. The above equation becomes
mi+2= (hj+1)a; +hi1 + 1.
Since 0 < m; < 2a; — 2, we get

(a) 1—a; <haj+hjy1 <a;—1, i=1,---,N.



CALABI-YAU GEOMETRY, PRIMITIVE FORM AND MIRROR SYMMETRY 27

If there is some h; 1 = 0, then the above equation implies #; = 0, and recur-
sively,

(hll"' /hN) = (OIO/ /0)

Otherwise, we can assume none of the k; is zero. There are two situations.
Either there is one h; with |h;| = 1 or all |h;| > 2. For the first case, we assume
some h;y1 = £1. Since h; # 0 by assumption, the inequality (a) implies h; = F1.
We can repeat this process and get the following solution when N is an even
number:

(hll' c /hN) = (:l:]-/:F]-/ ce /:l::l/:':]-)

Finally we prove it is impossible to have all |i;| > 2. Equation (1) implies

(b) g e g g TR
a; a;

If all |hjyq| > 2, this implies

(c) [l < |higal.

In fact, if h; 11 > 2, then the RHS of inequality (b) implies h; < 1. By assumption,
we know h; < —2. However, since

1- 1,
—hig < —14+—,

ai
inequality (c) follows from the LHS of (b). A similar argument works for ;1 <
—2. We repeat this process and we find

(Bl = [hign| < - < higa] <[hil,
which is absurd. Thus the only possibilities for the k;’s are

1) (ki,---,kny)=1(1,1,---,1),and
2) (ky,--- k) =(1x1,1F1,---,1+£1,1F1),if Niseven.

In each case, again we have
deg(x]" -+ xV) = deg(x} - - - ) + deg(x]' -+ - x3)) = ¢

. . r’ rh
By the same degree reason as in the chain case, we know K¢ (x7' - - - xJydNx, x! - - - x)YdN )
lies in zNC.
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4.3. A Landau-Ginzburg Mirror theorem. The standard basis for an invertible
polynomial determines a primitive form, hence a Frobenius manifold structure
on the germ of its universal unfolding. In particular, we obtain the genus zero
potential function Fy of the associated Landau-Ginzburg B-model. The exact
formula of Fy is not known in general. The difficulty goes back to the lack of
knowledge on its primitive form, which is constructed from the good basis via
an abstract Riemann-Hilbert-Birkhoff problem [40]. Nevertheless, the perturba-
tive algorithm in Section 3.5|allows us to compute Fy order by order recursively.

The perturbative theory becomes extremely useful when integrability is taken
into account. In fact, WDVV equation reduces the computation of Fy to only a
finite order computation. The most general form of such reconstruction type
theorem is established in [23].

Theorem 4.3 ([23]). Let W be an invertible polynomial with no chain variables of
weight 1/2. Then for both FJRW theory of (W, Gw) and primitive form of WT with
respect to the standard good basis, the genus 0 invariants are completely determined
by 2-point, 3-point and 4-point functions accompanied with WDV'V equation, String
equation, Dimension Axiom and Integer Degree Axiom.

Here the selection rules of Dimension Axiom and Integer Degree Axiom are
natural geometric properties (see [23] for details). There is a minor situation
for chain types with weight 1/2 not covered, i.e., W = x7'x2 + x%x3 + ... +
X0 1xn + x3 with ay = 2. This is a technical difficulty of missing information
about certain FJRW 3-point functions due to the non-algebraic nature of FJRW
theory. This theorem says that Fy is completely determined by symmetries and
its Taylor series up to order 4. In particular, the enumerative data of genus 0

Landau-Ginzburg models can be fully computed.

A straight-forward application of our reconstruction theorem is to prove a
general form of the Landau-Ginzburg mirror symmetry conjecture between in-
vertible polynomials. At genus zero, the Landau-Ginzburg mirror symmetry
conjecture says that the generating function of orbifold FJRW theory of the pair
(W, Gw) is equivalent to the generating function of the Landau-Ginzburg B-
model of WT associated to a primitive form. This is established for ADE sin-
gularities [17] and simple elliptic singularities [26}137]. The method of perturba-
tive primitive form is first applied to exceptional unimodular singularities [29].
Those are the first examples of Landau-Ginzburg mirror symmetry for singular-
ites of central charge greater than 1. In general, we have
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Theorem 4.4 (Landau-Ginzburg Mirror Symmetry Theorem [23]). Let W be an
invertible polynomial with no chain variables of weight 1/2. Then the FJRW theory of
(W, Gw) is equivalent to Saito-Givental theory of W' at all genera.

The proof is just reduced to a finite check of 4-point functions, thanks to The-
orem [£.3] We refer to [23] for details.
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